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Compositionality is becoming increasingly recognized as a viable method to model complex systems
such as those found in physics, computer science, and biology. The idea is to study smaller, simpler sys-
tems and ways of connecting them together. The word compositionality suggests that category theory can
play a key role, and indeed it does. Systems are morphisms and connections are morphism composition.

This paper [3] looks at one example of compositionality in action: the zx-calculus. The backstory
dates to Penrose’s tensor networks and, more recently, to the relationship between graphical languages
and monoidal categories explored by Joyal, Street, and Selinger. Abramsky and Coecke capitalized
on this relationship when inventing a categorical framework for quantum physics [1]. Through this
perspective, Coecke and Duncan presented early results on a diagrammatic language in which to reason
about complementary quantum observables. After a fruitful period of development, the first complete
presentation of the zx-calculus was published [5].

The zx-calculus begins with the wire, green spider, red spider, Hadamard, and diamond diagrams
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Observe that there are dangling wires on the left and right. Think of those on the left as inputs and those
on the right as outputs. A pair of diagrams are composable when the inputs of one match the outputs
of another. Formalizing this perspective, we let these diagrams generate the morphisms of a dagger
compact category zx whose objects are the non-negative integers. The meaning of these objects is to
give the number of inputs and outputs for a morphism n→ m. These morphisms are then subjected to a
number of relations which are listed in full in the preprint [3]. For illustrative purposes, we will present
one of the relations:
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Our main result is the construction of a symmetric monoidal and compact closed bicategory zx that
categorifies the dagger compact category zx. The process of building zx begins with (directed) graphs
and adding additional structure that mimics the zx-morphisms.

The first difference between graphs and zx-morphisms we recognize is that the former have single-
sorted nodes while the latter have multi-sorted nodes. We address this by considering the graph Szx
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Note that there is a red and green node for each number in [−π,π), all of which have a single edge to and
from the white node. The idea is that Szx will classify nodes of a graph G is by considering morphisms
G→ Szx. Then each node of G is colored according to whichever fiber it inhabits. It should be clear
how the fibers of each Szx-node sorts the G-nodes in a way that matches the sorting of the zx-morphisms,
except perhaps for the white node. Because graph edges must be attached to nodes at both ends, the
white-sorted nodes serve as the analogue to the dangling input and output wires of zx-morphisms. To
illustrate, here is a graph over Szx corresponding to the green spider zx-morphism:
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We point out that graphs over Szx are merely objects in the over category Graph ↓ Szx.
Having introduced structure that correctly sorts the node, we now look to compose graphs over Szx

as we did zx-morphisms. For this, we must somehow declare certain nodes to be inputs and outputs. In
particular, the inputs and outputs must only be chosen from the white nodes, as they correspond to the
dangling wires. To provide this structure, define a functor Nzx : skel(Set)→ Graph ↓ Szx on a skeleton
of Set by letting Nzx(X) be the edgeless graph with node set X that is constant over the white node. Then
a graph over Szx with inputs and outputs, or an open graph over Szx can be defined as a cospan of the
form

Nzx(X)→ G← Nzx(Y )

in Graph ↓ Szx. The left and right legs of the cospan choses inputs and outputs, respectively, of G.
Composition is achieved via pushout

(N(X)zx→ G← N(Y )zx) ;
(
N(Y )zx→ G′← N(Z)zx

)
=
(
N(X)zx→ G+N(Y ) G′zx← Nzx(Z)

)
.

Taking a quick step back, it was shown in [2] that given any topos T, there is a bicategory Sp(Csp(T))
with T-objects as 0-cells, cospans in T as 1-cells, and isomorphism classes of monic spans of cospans as
2-cells. A monic span of cospans and their morphisms are the respective commuting diagrams in T

θ

where ‘�’ is monic. In a joint paper by the author and Courser [4], it was shown that this bicategory is
symmetric monoidal and compact closed. However, to ensure in our final construction that the wire zx-
morphism behaves as an identity on 1, we modify the above construction to take as 2-cells the morphism
classes of spans of cospans. That is, we identify spans of cospans according to the equivalence classes
generated by the relation (φ ,ψ) if there is a morphism of spans of cospans φ → ψ . This still results in a
symmetric monoidal and compact closed bicategory, as shown in [3].

Taking T to be the topos Graph ↓ Szx, we consider the 1-full and 2-full sub-bicategory zxRewrite
of Sp(Csp(T)) on the objects in the image of Nzx. The 1-cells in zxRewrite are exactly the open graphs
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over Szx and the 2-cells are double pushout rewrite rules. The generating zx-morphisms can be realized
in this scenario as the 1-cells
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in zxRewrite. The relations obeyed by the zx-morphisms are weakened from equations to rewrite rules,
which we illustrate here with equation (2):
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The bicategory zxRewrite is too big to categorify zx. Instead, consider the symmetric monoidal and
compact closed sub-bicategory zx of zxRewrite that is generated by the 1-cells and 2-cells corresponding
to the morphisms and their relations of zx. Our claim is that zx categorifies zx. To justify this, we first
define the category decat(zx) to have as objects the 0-cells of zx and as morphisms the 1-cells of zx
modulo the equivalence relation given by: f ∼ g if and only if there is a 2-cell f ⇒ g in zx. A dagger
compact structure to decat(zx) is given [3, Thm. 5.3] and the main result [3, Thm. 5,4] provides an
equivalence of dagger compact categories zx→ decatzx.
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